In this paper we show some very recent results usang the "weak-calibration" idea. Assuming that we only know the epipolar geometry of a pair of stereo images, encoded in ihe so-called fundamental matrix, we show that some useful three-dimensional information such as relative positions of points and planes and 3D convex hulls can be computed. We introduce the notion of visibility, which allows deriving those properties. Results on both synthetic and real data are shown.
Introduction
Recently, a growing interest has been shown in trying to build "weak" descriptions of the 3D space, for which calibration is not necessary, and that are nonetheless sufficient for performing sophisticated tasks like object recognition. The key point of these methods is the use of projective or affine invariants [6]. The affine reconstruction in the case of parallel projection has been presented by Koenderink et al. [3] , then the projective case has also been addressed [l, 5, 111. These approaches make use of some geometric relations between the different images, that can be encoded in the so-called 3 x 3 fundamental matrix. This matrix, which may be interpreted as an extension of Longuet-Higgins essential matrix to the uncalibrated case, can be directly computed from point correspondences [7, 2] . It contains the knowledge of the epipolar geometry of the stereo rig.
After a brief characterization of the "weakcalibration" assumption, we present some geometric properties that can be inferred from measurements in the images. These properties, which involve planar structures in space, allow deriving some intuitive properties of objects in space, such as relative positions of points and planes or three-dimensional convex hulls. Let us consider a binocular stereo rig composed of two pinhole cameras 1,2. All the entities specific of one camera are indexed with the number of the camera. C denotes the optical center, Pr the plane of the retina. P o the optical plane (i.e. the plane that is parallel to the retina and passes through the optical center). The cameras are in generic position. The transformation which associates to a point ml of image 1 its epipolar line (epz(na1)) in image 2 is a correlation of the project>ive plane P 2 (i.e. a projective linear transformation that maps points into lines), whose matrix is called the fundamental matrix, denoted by F . F has rank 2, its kernel is the epipole e l . 
Properties induced by planar structures
There exists a homography, i.e. a linear transformation of the projective plane, that maps each point m: onto its correspondent m;. This transformation H can be represented by a 3 x 3 matrix, that we denote by H. This matrix is defined up to a scale factor, so it has 9-1=8 degrees of freedom in the generic case. Thus, a set of four point correspondences in general position is sufficient for computing it (each point correspondence brings two equations)
At this stage, the epipolar geometry has not been taken into consideration yet. Let us now assume that the fundamental matrix F is known. Through (l), it imposes that for each point ml, the corresponding point Hml should lie on the epipolar line (epz(m1)). Thus, A necessary and sufficient condition, as remarked by
This equation yields 5 scalar equations (the left side is trivially a symmetric matrix, and the equation is homogeneous). To compute H we need three other equations.
Let us consider two homologous points ml, m2. The epipolar correspondence is represented by (1). The homographic correspondence is represented by the vectorial equation:
We show that when (1) and (2) are verified, then (3) is equivalent to the following scalar equation:
The implication (3)+(4) is trivial. Reciprocally, if (4) is true, then we can easily show that Hml x m2 is orthogonal to the three vectors (m2, F m l , m2 x F m l ) , which constitute an orthogonal basis of EL3. So it is equal to zero. As a conclusion, each point correspondence holds for one scalar equation. So, three point correspondences are necessary and sufficient, in the generic case, for determining the H matrix if the fundamental matrix is hown.
Computation of the homography
There are several practical ways of computing the homography H defined by a set of point correspondences. We will present two different methods, one based on the equations presented in the previous paragraphs, the other based on a geometric property of the homogr ap hy.
Direct computation
If we know N point correspondences on the same plane
we can write the system of equations This criterion can also be used to determine the homography defined by a triple of correspondences On the olne hand, the point m2 = H(m1) lies on the , It is interesting to notice that the expression (5) is quadratic in m l . It has been recently shown2 that it has the form L(ml)H'ml, where L is a linear form, whose kernel is the epipolar line ( e p z ( m 1 ) ) . Indeed, the geometric construction does not apply when ml and n: lie on a same epipolar line, but choosing another permutation of the three reference points correspondences is sufficient for solving the problem.
Coplanarity test and construction H ( m ) .

Geometric properties of the 3D scene
In this section we describe a few geometric properties that are characteristic of the 3D scene and can be computed from point correspondences under the weak calibration assumption. It is easy to show that this condition is necessary and sufficient. Point nl is of course obtained as H-'n2.
3.3.2
We call visibility the physical property according to which all the 3D points that can be seen by a physical camera lie in the same half-space limited by the optical plane of the camera. Points that lie "behind" the optical plane are called invisible.
Since P o is the locus of three-dimensional points that project in the image onto the line at infinity (i.e. the set of all points at infinity), the image of an object that is completely visible or completely invisible contains no point at infinity (fig 3) . Let us now show how the previous properties can be used to determine the convex hull of a set of visible points given by their images.
Position w i t h respect to a plane
The plane defined by a triple of correspondences is said to be extremal when all the other points lie on the same side of the plane. Using the property of paragraph 3.3.3, one can easily determine whether a triple is extremal. The set of all the extremal triples is obviously the 3D convex hull of the observed set of points. It can be obtained by testing extremality for each triangle. The complexity of this "brute force" approach is O ( N 4 ) if N is the number of point matches.
More efficient techniques, like the "gift-wrapping technique" [8], can also be used if we make the further assumption that no 4 points are coplanar. The interested reader will find in [9] a detailed description of an algorithm of complexity O ( N 2 ) , but due to the lack of space, we will not give it here.
Experimental issues
The different ideas presented in this article have heen implemented and tested on real images. We show Inere some results that have been obtained on synthetic and real data. Fig 5,6,7 show the results produced by the criterion described in paragraph 3.3.3 on the real images of fig 4. Point matches are provided by a trinocular :stereovision algorithm that can run under weak calibration assumptions [lo, 91 (aset of three fundamental matrices represents the epipolar geometry). Different reference triples have been chosen manually. For each triple (marked with large crosses) we distinguish the points that belong to the plane (labeled with circles), and the points that lie on one side or another (labeled with small crosses or triangles). In fig 5 we also show with rectangular boxes three points of the right image (representing one point on each side of the plane, and one on the plane) and the points obtained by applying the homography H to their correspondents (represented by white blobs). The epipolar lines of the points of image 1 are also shown. We see that the image in the second camera of the point which lies on the plane is very close to the point predicted by applying H to the image in the first camera and this is not true for the other two points.
Position with respect to a plane
Computation of the convex hull
We have first tried the brute-force technique on a synthetic set of points correspondences. Some points have been sampled on the surface of two concentric spheres, and projected on two virtual cameras, for which the fundamental matrix is known with perfect accuracy. The extremal triangles found by the algorithm are drawn. As fig 8 shows , the exact solution has been found by the algorithm: only points of the external sphere are connected, yielding a set of triangles that approximate the external sphere.
In fig 9 we show some results obtained on real data. Among the correspondences yielded by the stereovision algorithm, we have selected a subset of points roughly located on the same object. The initial corrcspondences are shown, and a cross-fusion stereogram represents the extremal triples seen under the view angle of the first camera.
Conclusions and perspectives
We have shown that under the "weak calibration" hypothesis in which only the epipolar geometry of a pair of images is known, we can extract from the images very useful informations about relative positions of points itnd plane. As as exemple, the convex hull of a set of points has been computed. We plan to use this information for robotic tasks and active vision in a very near future. We would like to thank Thierry Viiville for reviewing carefully this article and demonstrating the equivalence in paragraph 3.1. 
